We investigate a flux limited reaction-diffusion equation, which is an extension of the generalized Fisher-Kolmogorov-Petrovsky-Piskunov (Fisher-KPP) equation, in one-dimensional space. The approximate analytical solutions have been found by using a perturbation method. The solution indicates that the population density propagates as a sharp traveling wave. The wave speed, obtained in analytical form, increases with the ratio of the growth rate to the damped rateand it reaches a limited value, equivalent to the speed of sound, at the large value of the rate ratio. So that, it eliminates the shortcoming of the classical reaction-diffusion models where the propagating speed is infinite. The numerical solutions of this equation have been also provided, in order to compare with the analytical predictions.
Introduction
The reaction-diffusion models, formulated by the nonlinear partial differential equations, have a wide range of applications in physics, chemistry and biology, such as fluid flow instabilities, phase transition, combustion theory, chemical reaction, ecology and population dynamics [1] [2] [3] [4] [5] [6] [7] [8] [9] . The solutions of these equations are important to understand the underlying physical dynamics in natural processes. Originated for the description of mutant gene spreading in a population, the Fisher-KPP equation is the paradigm of the reactiondiffusion equation-whose solution demonstrates the traveling wave propagation that switch between equilibrium states [9] [10] [11] . This motivates us to study the reaction-diffusion equation because it provides the basic knowledge to both physical science and biological science.
The standard reaction-diffusion model describes the change in density of populations or particles with two processes: The diffusion represents the migration of the populations (or particles) and the reaction represents the net change in population density by local interactions (by growth and death) [9] . It has pointed out that the classical diffusion models has shortcoming-it contains the infinite flux with density gradient [12, 13] . According to this problem, the flux limited diffusion model that promotes the finite propagation speed has been introduced to remove this unphysical feature. Replacing to the classical theory, the flux limited reaction-diffusion model has promised more realistic description for this system. This topic attracts much attention to scientists in many fields including physicists and mathematicians. In biological problems, the flux limited diffusion has been proposed for more realistic transport modelings of morphogen [14] and chemotatic bacteria [15, 16] . However, the completed solution to this equation has not been well understood because of its complexity. Therefore, finding only an approximate solution to this equation could be useful.
In this work, we investigate a flux limited reaction-diffusion equation in one dimensional space. The objective is to find the approximate solution of this equation by using a perturbation method as used in the previous works [17, 18] . This method is similar to an asymptotic analysis in Ref. [9] . Our solutions could provide insight into the spreading of populations and the pattern formation modeled by the reaction-diffusion with flux limited process.
Flux limited reaction-diffusion model
The general form of reaction-diffusion equation, in one-dimensional space, is given by [9] ρ
where ρ(x, t) is population or particle density at position x and time t, j(x, t) is population flux and f (ρ) is reaction term. Eq. (1) is known as the continuity equation where the flux is associated to population velocity field V (x, t) as follow
In the Fisher-KPP model, the flux obeys the Fick's law, in which it is proportional to the density gradient,
where D is diffusion constant [9] [10] [11] . The reaction is modeled by the logistic growth law
where α is rate constant and K is maximum density [10] . We note that the logistic law in Eq. (4) describes the net rate of change in population density under the limited resources, in which the density cannot be greater than the maximum value K. Therefore, the density is limited such that 0 ≤ ρ ≤ K. In fact, the reaction term can be arbitrary function that satisfies the followings: [11] . Substituting Eq. (3) and Eq. (4) into Eq. (1), the Fisher-KPP equation is given by
The solution of Eq. (5) has the form of the traveling wave, ρ(x, t) = φ(x − ct), with constant front speed, c ≥ 2 √ Dα [9] . For the special wave speed c = 5 Dα/6, the solution can be found in a closed form [19] . The Fisher-KPP equation has demonstrated that the population density evolves with the welldefined pattern formation. Inspired by this, the study on pattern formation in the reaction-diffusion model has been attractive.
Due to the diffusion coefficient is constant, the Fisher-KPP model describes the migration of the individual member of population as the purely randomwalk motion. However, the random-walk is unrealistic motion of the biological organism, which has sense. Gurney and Nisbet have proposed that the biological organisms move in such the way that they avoid the crowded population [20] . In this manner, they move in the direction of decreasing population density as fast as the population density is increasing. Thus, the flux in this model is formulated by [20] j
where k is constant that can be defined as k = D K . This crowded avoidance model coincides with a porous medium-type diffusion, in the context of nonliving particles [7, 21, 22] . The flow of a fluid through a porous medium is described by the Darcy's law − µV = P x ,
where P (ρ(x, t)) is pressure and µ is effective viscosity that can be defined by µ = γK where γ is damped rate. For an ideal fluid, p = ρc 2 s where c s is speed of sound. So that, the flux of porous-medium diffusion is given by j = − c 2 s µ ρρ x . Comparing to Eq. (6), in the context of biological populations, the (effective) speed of sound is that c s = √ Dγ. So that, γ reflects the migration rate in populations.
By this modification, the density-dependent reaction-diffusion equation or the generalized Fisher-KPP equation was originated:
Eq. (8) is degenerate that it transforms from the second-order differential equation to the first-order differential equation at ρ = 0. This results the sharp density profile that vanishes at a finite position, providing a clear wave front. Newman has found that the solution of Eq. (8) is the sharp traveling wave with the constant front speed, c = Dα/2 [7, 9] . In our previous work, we have found a general form of the exact solution of Eq. (8) that evolves as traveling wave at long time scale [23] .
Unfortunately, as seen in Eq. (3) and Eq. (6), the conventional flux are infinite as ρ x → ∞. Thus, the conventional reaction-diffusion models provide infinite wave propagation speed when the reaction rate α is very large. This is unphysical feature of the model because the particles or populations cannot move faster than the admissible speed or the speed of sound [13, 24] . To remove this shortcoming, the flux limited model has been proposed by Rosenau and coworkers [12, 25] . Resenau employs the special relativistic-like mechanics approach to modify the Darcy's law Eq. (7) [12] . For an ideal fluid flow, we
In Eq. (9), the population velocity V must be lesser than the (effective) speed of sound c s . From Eq. (9), the velocity field is provided by
From Eq. (2) and Eq. (10), as the density gradient is extremely large, ρ x → ∞, the flux is finite, j → ρc s , as expected. Alternatively, the limited flux Eq. (10) can be derived from the optimal transport theory [26] . With the new flux model, we arrive at the flux limited reaction-diffusion equation
So, Eq. (11) is the extension of the porous medium-type reaction-diffusion equation or the flux limited Fisher-KPP equation.
For convenience in further analysis, we introduce the dimensionless quantities as follows: u = ρ/K, t ′ = αt, x ′ = (α/c s )x, v = V /c s and ǫ = α/γ. Applying these quantities to Eq. (11), we obtain the dimensionless flux limited reaction-diffusion equation
where prime symbols have dropped. Now the dimensionless density is limited such that 0 ≤ u ≤ 1. From Eq. (10), therefore, the dimensionless velocity is given by
The ratio of the growth rate to the damping rate ǫ in Eq. (12) has a crucial role on the regulation of this system. In the case of the growth rate is much slower than the damping rate ǫ → 0, Eq. 
, which propagates with the saturated speed c = 1 (or c s in physical unit). So that, the flux limited reaction-diffusion equation eliminates the shortcoming in infinite speed. We note that the variance of flux limited reaction-diffusion models have been studied in published literatures [13, 14, 24, [27] [28] [29] . However, the completed exact solution has been not yet found. In the next section, we provide the approximate solutions to this equation by using a perturbation method.
Perturbative method and solutions
We now assume the solution of Eq. (16) is in the traveling wave form, u(x, t) = φ(ξ) where ξ = x − ct and c is front speed. Substituting this solution into Eq. (12), we obtain
From Eq. (13), the dimensionless propagating velocity filed is given by
For simplicity, we define the rescaled variables, z = ξ/ √ ǫ and ν = c/ √ ǫ, that Eq. (12) reads
Eq. (16) is the main problem that we attend to analyze in this research. Solving for the exact solution of Eq. (16) is not yet available thus we are interested in a special case where ǫ ≪ 1. This can happen when either the growth rate is slow, α → 0, or the damping rate is high, γ → ∞. Here, we employ a perturbation method for finding the solution of Eq. (16) as presented in published literatures [9, 17, 18] . By using the Taylor expansion, Eq. (16) can be written in approximate form,
Next, we define φ z = w(φ) and then we rewrite Eq. (17),
where ( * ) ′ ≡ d( * )/dφ. The solution of Eq. (18) can be written in the power series of ǫ (up to the first order)
where w * and c * , respectively, are undetermined density wave gradients and wave speeds. Substituting Eq. (19) and Eq. (20) into Eq. (18), we have
Comparing the coefficients of the ǫ 0 and ǫ 1 terms, respectively, we obtain
and
Eq. (22) has the known solutions, given by [7, 9] 
Substituting Eq. (24) into Eq. (23), we have
Eq. (25) is a linear first-order ordinary differential equation of the form
where
where I(φ) = e p(φ)dφ , called integrating factor, and C is integral constant [30] . After evaluating, we found I = φ (φ − 1) 2 and then we have
To remove singularities at φ = 0 and φ = 1, it is required that C = 0 and c 1 = − 1 20 √ 2 . So that, the first-order density wave gradient is provided by
Gathering all terms, finally, we have the approximate solutions (up to the firstorder correction)
Using the transformation
.
And, from Eq. (29), after evaluating the integral √ ǫ dφ/w(φ) = dξ, we found the approximate analytical solution for the wave profile a ln (φ − 1) Fig. (1) . The wave profiles have the sharp front interface where the density falls to zero at a finite front position. It is shown that the front speed is velocity field at the leading edge c = v(0), that is
Expanding Eq. (33), it proves that c/ √ ǫ ≈ 1 − ǫ 20 / √ 2 + O(ǫ 2 ) = ν which is consistence with the first order approximate solution in Eq. (30) . As ǫ → ∞, from Eq. (33), the wave speed reaches the limited value at c = 1 (or c s in physical unit). Fig. (2) . The markers show for every 3 data points. The solid lines represent the linear fitting curve for the last 50 data.
Numerical solutions
In order to compare with the analytical predictions, we solved the dimensionless flux limited reaction-diffusion equation (Eq. (12) ) by using a nonstandard fully implicit finite-difference method [18, 31] . This numerical scheme has proven stable enough for solving this sort of nonlinear partial differential equation. The detailed algorithm is described in the Appendix.
In our computations, we chose the grid spacing and the time step, respectively, as follows: δx = 0.01 and δt = 0.01. All calculations were performed on 3,000 grids with 1,500 iterations that cover spatial length 30 and total time 15 in dimensionless units. The initial density profile, u 0 (x), was set to a step function:
The zero flux condition, u x = 0, was imposed at the boundaries. The demonstration of the density profiles by varying the rate ratio ǫ, obtained from the numerical method, is shown in Fig. (2) . It found that the density profiles evolve with the sharp traveling wave that falls to zero at a finite front position r f , in agreement with the analytical solution. The the wave profile has more smoother interface as the value of ǫ increases. This is due to the damping rate γ (or friction) is small relatively to the growth rate α so that the populations move toward the free space faster. For the large values of ǫ, the profiles in equal time trend to overlap which shows that the front speed trends to reach a saturated value.
To compute the wave speed, the front positions were collected for every t = 0.1. Due to numerical deviation, the front position was determined by the first position where the density was lower than 1 × 10 −6 . The last 50 data points were selected for fitting with the linear equation, r f = ct + r 0 , so that the wave speed is the slope of the fitted equation. The plots of corresponding front position versus time are shown in Fig. (3) . Our numerical front positions were fitted well with the linear equation, indicating that the density propagates with constant front speed.
The plot of the numerical front speed c versus the rate ratio ǫ, as compared with the analytical predication in Eq. (33), is shown in Fig. (4) . We found in both analytical and numerical data that the front speed increases with the rate ratio and reached the saturated value at c = 1, as ǫ is very large. The analytical result agrees well with the numerical data for the small value of rate ratio (ǫ ≪ 1), since the correction of our analytical solution was only O(ǫ 2 ).
Conclusions
In summary, we studied a porous medium-type flux limited reaction-diffusion equation which is the extension of the generalized Fisher-KPP equation. The approximate analytical solutions of this equation were admissible by using a perturbation approach. We also solved this equation by using the nonstandard fully implicit finite-difference method, in order to compare with the analytical prediction. It showed that the population density propagates as a sharp traveling wave which vanishes at a finite front position. The front speed increases as the ratio of the growth rate to the damped rate increases and reaches the saturated value for the larger value of the rate ratio. One shows that the flux limited reaction-diffusion model eliminates the shortcoming of the classical models that provide the infinite front speed.
where α n j = −µM n j−1/2 , β n j = −µM n j+1/2 , θ n j = 1 − δtf n j + µ M n j−1/2 + M n j+1/2 , µ = δt/ (δx) 2 .
(A.7)
By imposing the zero-flux condition at the boundary grid Ω, saying u x | Ω ≈ u n Ω+1 −u n Ω−1 2δx + O((δx) 2 ) = 0, it found that u n Ω−1 = u n Ω+1 and M n Ω−1/2 = M n Ω+1/2 . According to the boundary condition, we have β n 0 = −2µM n 1/2 , α n J = −2µM n J−1/2 , θ n 0 = 1−δtf n 0 +2µM n 1/2 and θ n J = 1−δtf n J +2µM n J−1/2 . Eq. (A.6) can be written in a tridiagonal matrix equation which can be solved numerically at each time step to obtain the numerical density profile u n j [18, 32] . We analyze the stability of this numerical scheme (Eq. (A.6)) by using the von Neumann approach that assumes u n j = (λ) n e ikjδx , (A.8)
where λ represents the amplification factor and k is the wave number [32] . Substituting Eq. (A.8) into Eq. (A.3), we have λ −1 = 1−δtf n j −µM n j+1/2 e ikδx − 1 + µM n j−1/2 1 − e −ikδx which can be approximated further to obtain λ ≈ 1 − δtf n j + 4µM n j sin 2 (kδx/2) + O(δx) −1 . (A.9)
As u n j grows from 0 to 1, we have that 0 ≤ f n j ≤ 1 and 0 ≤ M n j < ∞. At the saturated density f n j (u n j = 1) = 0, it guarantees 0 < λ < 1. Based on Eq. (A.8) and Eq. (A.9), the numerical solution could converge to a finite value, as long as δx ≪ 1 and δt ≪ 1. Therefore, this algorithm is stable enough for solving this type of nonlinear partial differential equation [18, 31] .
